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Abstract In this paper a performance analysis of triple-
branch maximal ratio combining (MRC) diversity receivers
operating over an arbitrarily correlated Weibull fading envi-
ronment is presented. For the trivariate Weibull distribution
infinite series representations for the joint probability den-
sity function (PDF) and the cumulative distribution function
(CDF) are derived. Moreover, a novel analytical expression
for the joint moment-generating function (MGF) is presen-
ted. It is assumed that the arbitrarily correlated variates do
not necessarily have identical fading parameters and average
powers. These series representations are readily applicable
to the performance analysis of a triple-branch MRC recei-
ver. Furthermore, the average bit error probability (ABEP)
is then derived and analytically studied. The proposed ma-
thematical analysis is accompanied by various numerical re-
sults, with parameters of interest the fading severity, the cor-
relation and the power decay factor.
key words: Triple-branch diversity, arbitrary correlation,
maximal-ratio combining (MRC), Weibull fading.

1. Introduction

Diversity reception techniques have received a great deal of
research interest because of their possible use in mobile pho-
nes or base stations. In diversity reception it is frequently as-
sumed that the antennae are sufficiently separated so that the
combined signals are independent of each other [1]. Howe-
ver, this assumption is not always valid, e.g., for applications
employing small size terminals. As a result the received si-
gnals are correlated with each other, which leads to a reduced
diversity gain. Performance evaluation of correlated diver-
sity systems requires the use of multivariate statistics [1].

Several spatial correlation models have been proposed
for the performance analysis of various wireless systems.
The most widely used are the constant and the exponential
correlation models [1]. For the first one, the correlation de-
pends on the distance among the combining antennas and
therefore it is more suitable for equidistant antennas. For
the second one, the correlation among the pairs of combined
signals decays as the spacing among the antennas increases
[1]. Thus, the exponential correlation model corresponds to
the scenario of multichannel reception from equispaced di-
versity antennas. This model has been widely used for per-
formance analysis of space diversity techniques [2], [3], [4]
or multiple-input multiple-output (MIMO) systems [5]. Ho-
wever, in this paper, the arbitrary correlation model is used
and analyzed. This is due to the fact that it is more generic
and it doesn’t involve antenna limitations, thus it includes
the two previously mentioned models as special cases.

The Weibull distribution, although it was originally
used in reliability and failure data analysis, it has been recen-
tly considered for wireless digital communication systems.
The main motivation for this is the fact that it exhibits a very
good fit to experimental fading channel measurements for
both indoor and outdoor terrestrial radio propagation envi-
ronments [6], [7]. Additionally, in [8], it was argued that the
Weibull distribution could also been considered as an alter-
native channel model for land-mobile satellite systems.

Most of the published papers concerning multivariate
fading statistics deal with Rayleigh and Nakagami-m distri-
butions. For example in [9], closed-form expressions for
the multivariate, exponentially correlated Nakagami-m joint
probability density function (PDF) and the cumulative distri-
bution function (CDF) were derived. Past works concerning
multivariate distributions with arbitrary correlation can be
found in [10], [11], [12], [13]. In [10] new infinite series re-
presentations for the PDF and the CDF of three and four arbi-
trarily correlated Rayleigh random variables were presented.
In [11] closed-form expressions for the joint Nakagami-m
multivariate PDF and CDF with arbitrary correlation were
derived and the correlation matrix was approximated by a
Green’s matrix. Similarly in [12], the Green’s matrix was
used to approximate the correlation matrix ofL-branch se-
lection combining (SC) receivers with arbitrary correlation
and the outage probability for lognormal fading channels has
been obtained. In [13] expressions for multivariate Rayleigh
and exponential PDFs generated from correlated Gaussian
random variables were presented. Furthermore, in the same
reference a general expression for the multivariate exponen-
tial characteristic function (CF), in terms of determinants,
was also derived. More recently, the joint PDF, CDF and the
moment-generating function (MGF) for the bivariate Wei-
bull distribution have been analytically derived [14]. The
multivariate Weibull distribution has also been studied for
the exponential and the constant correlation case with equal
average fading powers. However, to the best of the authors’
knowledge, an analytical performance study of triple-branch
MRC receivers operating over an arbitrarily correlated Wei-
bull environment, has not yet been presented in the open te-
chnical literature. Thus, this is the subject of our paper, whe-
reby we present the statistical characteristics of the trivariate
Weibull distribution and then we apply the developed theore-
tical results to the performance analysis of a 3-branch MRC
receiver.

2. Statistical Characteristics

Let h`, (` = 1, 2, 3) be the complex envelope of the Weibull



fading model, written as

h` = (X` + jY`)
2/β` = G

2/β`

` (1)

whereX` andY` are the Gaussian in-phase and quadrature
elements of the multipath components [14]. The magnitude
of h`, i.e., Z` = |h`|, where| · | denotes absolute value, it
can be expressed as a power transformation of a Rayleigh
distributed random variable (RV),R` = |X` + jY`| as [15]

Z` = R
2/β`

` . (2)

Let G = {G1, G2, G3} be joint complex Gaussian RVs
with zero mean and positive definite covariance matrixΨ,
having elementsψiκ = E 〈GiG

∗
κ〉, whereE 〈·〉 denotes ex-

pectation withi, κ ∈ {1, 2, 3}. Ψ can be expressed as
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whereΩ` = E
〈
Zβ`

`

〉
andρij is the correlation coefficient

between theith and thejth branch. The PDF of the trivariate
Weibull distribution with arbitrary correlation is expressed as

fZ1,Z2,Z3(z1, z2, z3) =
β1β2β3 det(Φ)
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whereεk is the Neumann factor (ε0 = 1, εk = 2 for k =
1, 2, · · · ) [10], χ = χ12 + χ23 + χ31. Moreover,Φ is the
inverse covariance matrix in the case of the trivariate Weibull
distribution, given by

Φ = Ψ−1 =
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φ∗13, φ∗23, φ33


 (5)

for φiκ = |φiκ| exp(jχiκ). The equivalent infinite series
representation for the CDF can be obtained as

FZ1,Z2,Z3(z1, z2, z3)
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where
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,

andδ1 = `+n+k+1, δ2 = m+`+k+1, δ3 = n+m+k+1
with γ(·, ·) denoting the incomplete lower Gamma function
[16, eq. (3.381/1)].

Furthermore, using (4), the moments of the(κ1 + κ2 +
κ3)th order ofZ1, Z2 andZ3 can been derived as

E〈Zκ1
1 , Zκ2

2 , Zκ3
3 〉 =

det(Φ)

φ
1+κ1/β1
11 φ

1+κ2/β2
22 φ

1+κ3/β3
33

×
∞∑

k=0

εk(−1)k cos(kχ)
∞∑

`,m,n=0

C`,m,k

× ν
`+k/2
12 ν

m+k/2
23 ν

n+k/2
31

× Γ
(

δ1 +
κ1

β1

)
Γ

(
δ2 +

κ2

β2

)
Γ

(
δ3 +

κ3

β3

)

(7)

whereΓ (·) is the gamma function [16, eq. (8.310/1)].
It is useful to obtain the MGF ofZ` in order to evaluate

the average bit error probability (ABEP). It can be derived
as

MZ`
(s) = E〈exp(−sZ`)〉. (8)

By substituting (4) in (8), integrals of the following form
need to be solved

Υ(ξ, u) =
∫ ∞

0

xu−1 exp(−x− ξxβ`)dx. (9)

Note here thatu andξ take arbitrary positive values. Follow-
ing [17] the integrals of this kind can be obtained, under the
constraint thatβ` is a rational number, as
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whereG[.] is the Meijer’s G-function [16, eq. (9.301)], and
κ andλ are positive integers so that

λ

κ
= β`. (11)

A set of minimum values ofκ andλ can be chosen according
to the specific value ofβ` and the MGF can be expressed as
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3. Performance Analysis of MRC Receivers

Let us now consider a MRC diversity receiver with three bra-
nches operating over correlated Weibull fading channels. Let
ζ` = wh` + n` be the received baseband signal at the`th
input branch, wherew is the transmitted complex symbol,
Es = E〈|w|2〉 is the transmitted average symbol energy,
with |·| denoting absolute value, andn` is the additive white
Gaussian noise (AWGN) having a single-sided power spe-
ctral densityN0.

The instantaneous SNR per symbol at the`th diversity
branch is given by

γ` = Z2
`

Es

N0
. (13)

Moreover, the corresponding average SNR can be expressed
as

γ` = E〈Z2
` 〉
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(14)

wheredτ,` = 1 + τ/β` with τ taking non-negative values.
Expressions for the statistics ofγ` can be easily derived by
replacingβ` with β`/2 andΩ` with (α`γ`)β`/2, in the cor-
responding expressions for the fading envelopeZ`, where
α` = 1/Γ(d2,`).

3.1 Average Bit Error Probability (ABEP)

Using (12), the MGF of the SNR for the trivariate Weibull
distribution with arbitrary correlation can be expressed as

Mγ1,γ2,γ3(s1, s2, s3) =
β1β2β3 det(Φ′)
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whereΦ′ = Ψ′−1 andΨ′ is the covariance matrix given in
(3) after the substitutions described previously. The instanta-
neous SNR per symbol at the output of a triple branch MRC
receiver is

γmrc =
3∑

i=1

γi = γ1 + γ2 + γ3. (16)

Using (15), the MGF of the triple branch MRC output with
arbitrary correlation can be obtained as

Mγmrc(s1, s2, s3) = Mγ1,γ2,γ3(s, s, s) (17)

The ABEP can be obtained using the MGF-based ap-
proach [1]. Specifically, the above expression is very use-
ful in the direct calculation of the ABEP of noncoherent bi-
nary frequency-shift keying (NBFSK) and binary differen-
tial phase-shift keying (BDPSK) modulation signaling. For
other types of modulation formats, including binary phase-
shift keying (BPSK),M -ary phase-shift keying (M-PSK),
M -ary quadrature amplitude modulation (M -QAM), M -
ary amplitude modulation (M -AM) and M -ary differential
phase-shift keying (M -DPSK), numerical integration is nee-
ded in order to evaluate single integrals with finite limits and
integrands composed of elementary functions [18].

3.2 Output SNR Moments

By using the multinomial identity [16, eq. (1.111)], the cor-
respondingwth order moment ofγmrc, µw = E〈γw

mrc〉, can
be obtained as
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with κ1 + κ2 + κ3 = w. Substituting (7), (13) and (14) in
(18), it yields
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where

ν′iκ =
|φ′iκ|2
φ′iiφ′κκ

.

3.3 Outage Probability Evaluation
The outage probability is defined as the probability thatγmrc

falls below a predetermined thresholdγth and is given by

Pout(γth) =Fγmrc
(γth) =

L−1

[
Mγmrc

(s)
s

; γmrc

]
|γmrc=γth

(20)

whereFγmrc(.) is the CDF ofγmrc and L−1[·; ·] denotes
the inverse Laplace transform. Because of the complicated
form of Mγmrc(s)/s in (20), the so-called Euler summation-
based algorithm for the inversion of CDFs may be applied
[1, Appendix 9B.1].

4. Performance Evaluation Results
Using the previous mathematical analysis various performa-
nce evaluation results of triple-branch MRC receivers ope-
rating over an arbitrarily correlated Weibull fading environ-
ment have been obtained. Without loss of generality it is
assumed thatβ` = β ∀ ` and BDPSK signaling is conside-
red. Furthermore, non-identical distributed Weibull chan-
nels, i.e.,γ` = γ1 exp(−(`− 1)δ) whereδ is the power de-
cay factor are assumed [8]. The presented performance eva-
luation results have been obtained by numerically evaluating
(17).

In Fig. 1, the ABEP is plotted as a function of the ave-
rage input SNR for the special case of exponential corre-
lation with β = 2.5 andρ = 0.5 and for different values
of the power decay factorδ. In Fig. 2, the ABEP is also
plotted as a function of the average input SNR assuming
ρ12 = 0.6, ρ13 = 0.4 andρ23 = 0.3 and again for different
values ofδ. The obtained results in both figures show clearly
that the system’s performance degrades with increasingδ.

In Fig. 3, the ABEP is presented forρ12 = 0.5, ρ13 =
0.1 andρ23 = 0.7 and for different values ofβ andδ. It is
evident that an increase ofβ improves the ABEP.

5. Conclusions
A performance analysis for the trivariate Weibull distribution
with arbitrary correlation was presented. Initially, infinite se-
ries representations for the joint PDF, CDF and MGF were
derived. These theoretical results were applied to analyze the
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Fig. 1 ABEP versus the average input SNR for the exponential correla-
tion fading model,β = 2.5 andρ = 0.5.

-10 -5 0 5 10
10-3

10-2

10-1

 

 

A
ve

ra
ge

 B
it 

E
rr

or
 P

ro
ba

bi
lit

y

Average Input SNR per Bit (dB)

 =0.1
 =0.4
 =0.6

Fig. 2 ABEP versus the average input SNR forβ = 2.5, ρ12 =
0.6, ρ13 = 0.4 andρ23 = 0.3.

performance of triple-branch MRC receivers, operating in an
arbitrarily correlated fading environment. The ABEP, one of
the most useful performance criteria, was studied. Various
performance evaluation results were presented showing the
effects of fading severity, correlation coefficient and the po-
wer decay factor on the system’s performance.
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